We characterize L-spaces which are Seifert fibered over the 2-sphere in terms of taut foliations, transverse foliations and transverse contact structures. We give a sufficient condition for certain contact Seifert fibered 3-manifolds with e 0 = −1 to have nonzero contact Ozsváth-Szabó invariants. This yields an algorithm for deciding whether a given small Seifert fibered L-space carries a contact structure with nonvanishing contact Ozsváth-Szabó invariant. As an application, we prove the existence of tight contact structures on some 3-manifolds obtained by integral surgery along a positive torus knot in the 3-sphere. Finally, we prove planarity of every contact structure on small Seifert fibered L-spaces with e 0 ≥ −1, and we discuss some consequences.
Introduction
The Ozsváth-Szabó homology groups of a closed, oriented 3-manifold Y [36, 37] It was proved in [21] that an oriented Seifert fibered rational homology 3-sphere M = M (e 0 , r 1 Combined with this result, Theorem 1.1 gives a simple characterization of L-spaces among rational homology 3-spheres of the form M (e 0 ; r 1 , . . . , r k ).
In the second part of the paper, we give a sufficient condition for certain contact Seifert fibered 3-manifolds with e 0 = −1 to have nonzero contact Ozsváth-Szabó invariants. Combining this result with Theorem 1.1 and with a result of Paolo Ghiggini (Theorem 1.3 below) yields an algorithm for deciding whether an L-space of the form M (e 0 ; r 1 , r 2 , r 3 ) carries a contact structure with nonvanishing contact Ozsváth-Szabó invariant.
Consider the contact surgery diagram of Figure 2 . The diagram should be interpreted as representing all possible contact (− 1 r i )-surgeries in case these are not unique (see Section 2 for details). With this convention, Figure 2 represents a family of contact structures on the manifold M = M (−1; r 1 , . . . , r k ). Given an oriented contact structure ξ on M , let t ξ denote the spin c structure induced by ξ and d 3 (ξ) ∈ Q the 3-dimensional invariant determined by the homotopy class of the oriented 2-plane field ξ [17] . Finally, denote by d(M, t) ∈ Q the d-invariant of (M, t) (cf. [32] ). 
Then the contact invariant c(M, ξ) ∈ HF(−M, t ξ ) is nonzero.
Theorem 1.2 applies to some Seifert fibered 3-manifolds which are not L-spaces (such as, e.g., M (−1; 3 )), but it is particularly useful when k = 3 and the 3-manifold M is an L-space. To explain why, we need a small digression.
Suppose that (M, ξ) is a contact, Seifert fibered 3-manifold. Then, a Legendrian knot in M smoothly isotopic to a regular fiber admits two framings: one coming from the fibration and another one coming from the contact structure ξ. The difference between the contact framing and the fibration framing is the twisting number of the Legendrian curve. We say that ξ has maximal twisting equal to zero if there is a Legendrian knot L isotopic to a regular fiber such that L has twisting number zero. According to a result of Ghiggini, if M = M (e 0 ; r 1 , r 2 , r 3 ) admits no transverse contact structure then each tight contact structure on M has maximal twisting equal to zero. 
is an L-space, then each tight contact structure ξ on M has maximal twisting equal to zero. On the other hand, in Section 6 (see Proposition 6.1) we show that every tight contact structure with maximal twisting equal to zero on a 3-manifold of the form M (e 0 ; r 1 , r 2 , r 3 ) is given by one of the diagrams represented by Figure 2 . Moreover, the quantities d 3 (ξ) and d(M, t ξ ) can be computed algorithmically from a contact surgery presentation. Therefore Theorem 1.2 yields an algorithm for deciding whether an L-space of the form M (e 0 ; r 1 , r 2 , r 3 ) carries a contact structure with nonvanishing contact Ozsváth-Szabó invariants. (Recall that contact structures with nonvanishing contact Ozsváth-Szabó invariant are tight.) In fact, one can view Theorem 1.2 as a useful tool to attack the classification problem for tight contact structures on small Seifert fibered L-spaces with e 0 = −1. (Tight contact structures on small Seifert fibered 3-manifolds with e 0 = −1, −2 have been classified [14, 44] , but the classification for e 0 = −1, −2 is expected to be considerably harder, due to the presence of nonfillable structures [11, 22] as well as manifolds with no tight contact structures [10, 25] . ) As an application of Theorem 1.2, we prove the existence of tight contact structures on some of the 3-manifolds obtained by integral surgery along a positive torus knot in S 3 . To put this result in perspective, recall that we showed in [24] that for the positive (p, q)-torus knot T p,q ⊂ S 3 the 3-manifold S 3 r (T p,q ) obtained by topological r-surgery along T p,q carries tight contact structures for every rational r except possibly when r = pq − p − q. In this latter case, the idea used in [24] does not work, since it would require the application of contact 0-surgery, which automatically leads to overtwisted structures. In [25] we analyzed the existence of tight contact structures on the 3-manifold S 3 r (T p,q ) with r equal to the "critical" surgery coefficient pq −p−q. We showed that for (p, q) = (2, 2n+1) the corresponding manifolds do not admit any tight structures (extending an earlier result of Etnyre and Honda [10] , who proved the same result for (p, q) = (2, 3)). On the other hand, in the same paper [25] we verified that S 3 p 2 n−pn−1 (T p,pn+1 ) does carry tight contact structures for every n ≥ 1 and p ≥ 3 odd. The parity assumption on p played a crucial role in the argument, since in this case the candidate contact structure induced a spin structure. This allowed us to use a certain Z/2Z symmetry (the so-called J-map) built in Heegaard Floer theory to prove the nonvanishing of the contact invariant. A little computer search using the algorithm outlined above showed that for p even one cannot always find a tight contact structure with nonzero contact Ozsváth-Szabó invariant inducing a spin structure. For example, there is no such structure on S 3 11 (T 4,5 ). This implies that when p is even, a different approach should be used. In Section 5 we use Theorem 1.2 to prove.
Using the fact that every tight contact structure with zero maximal twisting on a 3-manifold of the form M (e 0 ; r 1 , r 2 , r 3 ) is given by a surgery diagram as in Figure 2 (for k = 3), we can prove: 
We say that Γ(M ) is realizable if there exist coprime integers m > a > 0 such that
In Section 3 we shall use the following theorem, obtained by combining results of Jankins-Neumann and Naimi, and stated here in our present notation )-surgery with a sequence of integer surgeries along a chain of unknots, where the integral surgery coefficients are given by the coefficients of the continued fraction expansion It is known [29] that
The following result is not explicitely stated in [21] , but it is implicitely contained in the proof of [ 
where each (T 2 × I, η i (j)) is a "basic slice" (see [18] for definitions). Basic slices are characterized by a sign + or −. The continued fraction blockdecomposition of (S 1 ×D 2 , η) is dictated by the boundary value (the "slope"
, which in the case of surgery is determined by the surgery coefficient r. The signs of the basic slices, however, rely on choices, giving rise to possibly many tight contact structures on S 1 ×D 2 with identical boundary condition. Ding and Geiges [3] showed how to realize each basic slice decomposition of (S 1 × D 2 , η) by a contact surgery diagram (cf. also [4] ). Let r = p q and if r > 0 choose k ∈ N minimal such that r = p/(q − kp) < 0. Consider k Legendrian push-offs L 1 , . . . , L k of L and perform contact (+1)-surgeries along these push-offs. (In this part of the procedure there is no choice.) Next, do contact r -surgery along L. Suppose that the contact solid torus (S 1 × D 2 , η) to be used in the surgery has basic slice decomposition
After fixing an orientation for L, apply a right stabilizations to L for each positive basic slice in
and a negative stabilization for each negative basic slice. Denote the result by 
(The equivalences follow from the long exact sequences connecting the various groups, see [37] .) For a rational homology 3-sphere Y and spin c structure 
(Y, t). It is known that d(−Y, t) = −d(Y, t).
Suppose that the manifold Y (K) is given as integral surgery along a knot K in Y , while Y 1 (K) is defined by an integral surgery along K ⊂ Y with framing one higher. According to [37, Theorem 9.16 ] the groups corresponding to these 3-manifolds (together with the maps induced by appropriate cobordisms W 1 , W 2 , W 3 between the 3-manifolds) fit into the exact triangle:
Ozsváth-Szabó homologies are quite hard to compute in general, but for 3-manifolds which can be presented as boundaries of plumbings along negative definite plumbing trees with no "bad" vertices (cf. [33] ), such computation has been carried out in [33] . This immediately implies, for example, that a Seifert fibered rational homology 3-sphere with k multiple fibers and e 0 (M ) ≤ −k is an L-space, since it can be presented as the boundary of a plumbing tree without "bad" vertices. Since e 0 (−M ) = −k − e 0 (M ) for Seifert fibered spaces, the fact dim
The following two lemmas can be deduced from the results of [33] . They will be used in Section 3. 
is an isomorphism.
Proof. The proof is straightforward using the algorithm of [33] which computes the kernel of the U -map on HF + (L, t). Take the negative definite plumbing W for L and choose the characteristic vector K ∈ H 2 (W ; Z) with the following three properties:
• K satisfies the starting condition given in the first paragraph of [33, Section 3.1], • K leads to a final vector with the property given in (16) of the same paragraph, and • K induces the spin c structure t on L. Since the algorithm computes the Ozsváth-Szabó homology of the boundary L-space L with the given spin c structure, such a vector clearly exists. By the formula for the grading given in [33] , the final vector of this process defines a spin c structure on the 4-manifold W satisfying the conditions of Lemma 2.5. Since by assumption L is an L-space, this clearly suffices to prove the statement. In the light of our observations above, to complete the proof of the equivalences we only need to show that (2) implies (1) , that is, if the Seifert fibered rational homology 3-sphere M carries no transverse contact structures with one of its orientations then it is an L-space. Observe that if k ≤ 2 then M is a lens space, hence an L-space, therefore in this case there is nothing to prove. Likewise, if either e 0 (M ) ≤ −k or e 0 (M ) ≥ 0, then M is an L-space. Moreover, if −k + 1 ≤ e 0 (M ) ≤ −2 then by Theorem 2.2 M carries transverse contact structures. Therefore, up to changing the orientation of M we may assume that e 0 (M ) = −1, so to establish Theorem 1.1 it will suffice to prove the following. 
Lemma 3.2. For each spin
Proof. Let x ∈ HF(L, t) be a given generator and consider s 1 ∈ Spin c (W 1 ) provided by Lemma 2.6 with the property that F W 1 ,s 1 (g) = x for the generator g ∈ HF(S 3 ). By the composition law [40, Theorem 3.4] we have
Proof of Proposition 3.1. To verify that M is an L-space, consider the surgery exact triangle induced by the cobordism W 2 :
Notice that M is a small Seifert fibered space with e 0 (M ) = 0, and hence M is an L-space. Since F W 2 = 0, we have
HF(M ) = HF(L) ⊕ HF(M ).
According to [29 
Therefore, since e(M ) > 0,
Thus, we obtain dim HF(M ) = |H 1 (M ; Z)|, concluding the proof.
The proof of Theorem 1.2
Let M = M (−1; r 1 , r 2 , . . . , r k ) be a 3-manifold as in the statement of Theorem 1.2, satisfying e(M ) = r 1 + r 2 + · · · + r k − 1 > 0. Define the family of contact 3-manifolds {(S, ξ S )} using the contact surgery diagram of Figure 3 with the knot K 0 deleted. S is a small Seifert fibered 3-manifold with e 0 (S) = 0, therefore it is an L-space.
Let the 4-manifold −X be defined as the cobordism induced by the contact (+1)-surgery along the Legendrian unknot K 0 in Figure 3 . Note that −X is a cobordism between S and M . By reversing its orientation, the resulting 4-manifold (a cobordism between −S and −M ) will be denoted by X.
Lemma 4.2. The cobordism X is negative definite.
Proof. Converting the contact framings into smooth framings in Figure 3 , reversing orientation, blowing up once and applying three Rolfsen twists one easily checks that the cobordism X is given by Figure 4 , where the surgery presentation for −S is drawn using solid curves, and the attaching circle of the 2-handle giving X is drawn using the dashed circle. Using a little bit of Kirby calculus, one can easily see that the cobordism X admits an embedding into the 4-manifold
and e(−M ) = −e(M ) < 0, we conclude that W (−k + 1; 1 − r 1 , 1 − r 2 , . . . , 1 − r k ) is negative definite, and hence so is the blow-up W , consequently the cobordism X ⊂ W is negative definite. 
Therefore, Lemma 2.5 applies and the map F + X,s is injective, so we conclude that c + (M, ξ) = 0.
The proof of Theorem 1.4
Let K ⊂ S 3 be a knot, and denote by S 
Proof. If p is even then −M p is obtained by plumbing according to a negative definite tree with one bad vertex in the sense of [33] , and with 3p+2 vertices having all even weights (see, e.g., [25, Figure 4 ], where M p = E p,1 ). Therefore, the trivial vector K = 0 is characteristic and clearly induces t 0 , so by [33, Corollary 1.5] we have
If p is odd, the proof follows easily from [25] . Namely, since M p = E p,1 and t 0 = t E in the notation of [25] , by [25, Lemma 6.3, Proposition 6.13]
, where −L p is the oriented boundary of the smooth 4-manifold Z p given by attaching 2-handles to B 4 along the framed link of Figure 5 , and t Z is the spin c structure induced by the restriction of the unique spin structure on Figure 5 . The framed link defining Z p . and the conclusion follows.
Let X p denote the 4-manifold obtained by attaching a 2-handle to
Since X p is simply connected, a spin c structure on X p is uniquely determined by its first Chern class, so let s k ∈ Spin c (X p ) denote the spin c structure with
We denote the restriction of s k to ∂X p = M p by t k . Observe that, in accordance with the notation used in Proposition 5.1, t 0 is the spin c structure induced by the unique spin structure on M p . Let
be the symmetrized Alexander polynomial of the torus knot T p,p+1 , and define its jth torsion coefficient by 
first coefficient which is equal to −1 is a p+1 (p), and the first 1 is a p/2 (p), completing the proof.
Lemma 5.4. For p > 2 even, we have
Proof. According to Proposition 5.1 we have
and by Proposition 5.2
The above identities imply that
On the other hand, by Proposition 5.2
To conclude the proof we will express r p/2 (p) in terms of r 0 (p). It follows from the definition that
Since by Proposition 5.3, the nonzero coefficients of Δ T p,p+1 (t) alternate in sign and are all ±1, from the assumption that p is even (hence a 0 (p) = −1) we get
On the other hand, by Proposition 5.3 we know that
Substituting this value into the expression for d(M p , t p/2 ) given above, the statement follows.
Proof of Theorem 1.4. Suppose first that p is even. Define ξ p by the contact surgery diagram of Figure 6 . (In Figures 6 and 7 , a coefficient (+1) next to a Legendrian knot K means that contact (+1)-surgery is performed along K, while no coefficient means contact (−1)-surgery). Our plan is to apply Theorem 1.2. Observe that this plan makes sense. In fact, it is easy to check that the proofs of Lemmas 4.1, 4.2 and Theorem 1.2 given in Section 4 apply without modifications to the contact surgery presentation of Figure 6 . Turning the contact framings into smooth framings, a little Kirby calculus (as in [25, Figures 1 and 7] ) shows that ξ p is a contact structure on M p . Now we want to apply the formula from [4] for the d 3 -invariant of a contact structure defined by a contact (±1)-surgery diagram. If c ∈ H 2 (X; Z) denotes the 2-cohomology class determined by the rotations numbers (see [4] ), σ(X) is the signature of X and b 2 (X) the second Betti number, a simple computation yields 
Figure 6. The contact structure ξ p for p even.
Following the blow-down procedure at the cohomological level, the verification that ξ p is a contact structure on the given 3-manifold M p also shows that for p > 2
(For p = 2 the inequality p < p 2 − p − 1 fails to hold, and we have t ξ 2 = t 0 .) Therefore, by Lemma 5.4 we have
Using Theorem 1.2 we conclude that c(M p , ξ p ) = 0, and hence ξ p is a tight contact structure on M p . We now verify the statement for p odd. (This case was already treated in [25, Theorem 1.3] .) Let ξ p denote the contact structure given by the contact surgery diagram of Figure 7 . As in the previous case, we can apply Theorem 1.2. A computation as above shows that Let F i (i = 1, 2, 3) be the three singular fibers of the Seifert fibration on M . We first isotope F i so that they become Legendrian. Then, since ξ has maximal twisting equal to zero, we can isotope the Seifert fibration further, so that there is a Legendrian regular fiber L with contact framing equal to the framing induced on L by the Seifert fibration.
Let V i be a standard neighborhood of Proof. Let Σ be a pair of pants. Recall that a tight contact structure ξ on Σ × S 1 is appropriate if there is no contact embedding ( We claim that this contact structure can be chosen to be the contact complement (C, η) of standard neighborhoods of the three Legendrian unknots Figure 3 . In fact, the contact structure obtained by performing contact (−1)-surgeries along the knots L 1 , L 2 , L 3 is tight, due to the cancellation of (±1)-surgeries of opposite signs along Legendrian push-offs [3] . Therefore η is tight, and it is easy to check that η is also appropriate because it extends to a tight contact structure on a closed 3-manifold obtained by filling the neighborhoods of L 1 , L 2 and L 3 . It is obvious that the boundary components of (C, η) are minimal and convex. To check that the boundary components have infinite boundary slopes, it is enough to observe that there is a product structure C ∼ = Σ × S 1 such that (i) a fiber F of the projection C → Σ is Legendrian and has twisting number zero, and (ii) all the L i 's are Legendrian pushoffs of F .
Open book decompositions.
According to a recent result of Giroux [16] , isotopy classes of contact structures are in one-to-one correspondence with suitable equivalence classes of open book decompositions of the underlying 3-manifold; cf. also [7] . Necessary conditions for a contact structure to be planar were found in [8, 31] . We will prove Theorem 1.5 using Proposition 6.1. Before dwelving into the proof, we describe some consequences of Theorem 1.5, some of which immediately imply Corollaries 1.6, 1.7 and 1.8. First of all, we have the following. Proof. It is known that overtwisted contact structures are planar [8] , and hence we can focus on tight structures only. For small Seifert fibered rational homology 3-spheres with e 0 ≥ 0 it was shown by Wu [44] that each tight contact structure has maximal twisting equal to zero, therefore Theorem 1.5 shows that on those manifolds every contact structure is planar.
Suppose now that M is an L-space and e 0 (M ) = −1. By Theorem 1.1 the 3-manifold M admits no transverse contact structures, and hence Theorem 1.3 shows that every tight contact structure on M has maximal twisting equal to zero. Theorem 1.5 therefore implies that every tight contact structure on M is planar.
Remark 6.4. In [42] Stephan Schönenberger proved that if e 0 ≤ −3 then every contact structure on M = M (e 0 ; r 1 , r 2 , r 3 ) is planar. Therefore, since in this case M is always an L-space, the statement of Corollary 6.3 holds if e 0 ≤ −3. On the other hand, the Poincaré sphere admits a Seifert fibration with e 0 = −2, is an L-space, but its unique Stein fillable contact structure is not planar because the intersection form of a filling is not diagonalizable [8, 31] .
In view of Corollary 6.3, Theorem 1.1 implies the following characterization of L-spaces of the form M (e 0 ; r 1 , r 2 , r 3 ). To finish the proof, we may assume without loss that e 0 (M ) = −1 and M is not an L-space. According to Theorem 1.1 the manifold M admits a taut foliation, which gives rise to a contact structure ξ having a symplectic semi-filling. By [5, 9] one can use a symplectic cap to construct a symplectic filling of (M, ξ) with b T p,pn+1 ) . Proposition 6.6 below shows that the non-planarity of the Stein fillable contact structure on the Poincaré sphere (cf. Remark 6.4) is a non-isolated phenomenon. Proof of Theorem 1.5. Let ξ be a tight contact structure with twisting number equal to zero on M (−1; r 1 , r 2 , r 3 ). By Proposition 6.1 this structure is obtained by performing a (possibly rational) contact surgery along the fivecomponent Legendrian link L of Figure 2 (for k = 3). According to the algorithm outlined in Section 2, ξ is obtained by contact (±1)-surgery on a Legendrian linkL obtained from L by successively taking pushoffs and Legendrian stabilizations of (some of) its components. It is well known that performing contact (±1)-surgery on a Legendrian knot which sits on a page of a compatible open book with contact framing equal to the page framing yields an open book of the same genus compatible with the resulting contact structure. Therefore, it suffices to show thatL sits on a union of pages of a planar open book for S 3 compatible with the standard contact structure. This can be proved by an argument very similar to the one used in [42] to prove that each contact structure on a lens space is planar. From now on, we refer to [7] 
